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Abstract 

The tachyon effective field theory describing the dynamics of a non-BPS D-brane in 
superstring theory has an infinitely thin but finite tension kink solution describing a 
codimension one BPS D-brane. We study the world-volume theory of massless modes 
on the kink, and show that the world volume action has precisely the Dirac-Born-Infeld 
(DBI) form without any higher derivative corrections. We generalize this to a vortex 
solution in the effective field theory on a brane-antibrane pair. As in the case of the kink, 
the vortex is infinitely thin, has finite energy density, and the world-volume action on the 
vortex is again given exactly by the DBI action on a BPS D-brane. We also discuss the 
coupling of fermions and restoration of supersymmetry and K-symmetry on the world- 
volume of the kink. Absence of higher derivative corrections to the DBI action on the 
soliton implies that all such corrections are related to higher derivative corrections to the 
original effective action on the world-volume of a non-BPS D-brane or brane-antibrane 
pair. 



1 Introduction 



Study of various aspects of tachyon dynamics on a non-BPS D-brane of type IIA or IIB 
superstring field theory has led to some understanding of the tachyon dynamics near 
the tachyon vacuum. The proposed tachyon effective action, describing the dynamics of 
the tachyon field on a non-BPS Dp-brane of type IIA or IIB superstring theory, is given 
byfllElEllllElE]:' 

S = J dP+^xC, 

£ = ~V{T) V-det A, (1.1) 

where 

A^, = Vf.u + d^Td.T + d^Y'd^Y' + F^, , (1.2) 

F^u = d^A, - d,A^ . (1.3) 

and for < /i, < p, (p + 1) < / < 9 are the gauge and the transverse scalar 
fields on the world-volume of the non-BPS brane, and T is the tachyon field. ViT') is 
the tachyon potential which is symmetric under T — > — T, has a maximum at T = 0, 
and has its minimum at T = ±cx3 where it vanishes. We are using the convention where 
ri = diag{—l, 1, ... 1) and the fundamental string tension has been set equal to (27r)^^ 
{i.e. a' = 1). 

The effective field theory described by the action (jl.ip is expected to be a good de- 
scription of the system under the condition that 1) T is large, and 2) the second and 
higher derivatives of T are small. A kink solution in the full tachyon effective field theory, 
which is supposed to describe a BPS D-(p — l)-brane[Tni HZl HE], interpolates between 
the vacua at T = ±oo, and hence T must pass through 0. Thus a priori we would ex- 
pect that higher derivative corrections to the action (jl.l|) will be needed to provide a 
good description of the D-(p — l)-brane as a kink solution. Nevertheless it is known that 
the energy density on the kink in the theory described by the action (jl.lj) is localized 
strictly on a codimension one surface [TllHll^ IT^ as in the case of a BPS D-(p— l)-brane. 

-"^ Although we shaU carry out our analysis for this action, our resuhs are vahd for a more general class 
of actions discussed in [S1[71|S1|H], where the lagrangian density in the absence of gauge and massless scalar 
fields takes the form -ViT) F{r]i"' d^Td^T), and F{u) - m^/^ for large u. This follows from the fact that 
for the solutions we shall be considering, u = r]^'^ d^Td^T is large everywhere, and hence in this regime 
all these actions reduce to Generahzation of the action — J dP^^xV{T) F{r]'^'^ d^Td^T) to include 

the world-volume gauge and scalar fields can be carried out by replacing rj^^'^ by the open string metric 
G'^^^im, and multiplying the action by an overall factor of ^J— dei{gf^i, + F^^), g^y = rj^^ + d^Y^ d^Y^ 
being the induced closed string metric on the D-brane world-volume. This class of actions includes the 
action proposed in [3 |H1 1^1 El El > motivated by boundary string field theorv [Tll[T^ . . 
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We show that the world-volume theory on this kink solution is also given precisely by 
the Dirac-Born-Infeld (DBI) action on a BPS T)-{p — l)-brane. This agreement contin- 
ues to hold even after including the world-volume fermion fields in the action, and we 
recover the expected supersymmetry and /t-symmetry on the BPS D-(p — l)-brane world- 
volume [201 IS 1221 123 121] • Thus contrary to expectation, the kink solution of the effective 
field theory does provide a good description of the D-{p — l)-brane even without taking 
into account higher derivative corrections. 

There have been several previous attempts to analyze the dynamics of fiuctuations 
on a tachyon kink solution. Ref. [7j analyzed the world- volume theory of the fiuctuations 
on the kink. However in this study they restricted to the analysis of small fiuctuations. 
We shall not put such restrictions, since in order to see the full DBI action we need to 
keep terms involving arbitrary power of the world- volume fields. Ref. [221 analyzed the 
world-volume action on the kink keeping the non-linear terms, but including only the 
fiuctuations in the transverse scalar field. Ref. addresses the problem of getting the 
DBI action on the soliton from the conformal field theory viewpoint, whereas ref. |2Z] 
discusses construction of various special classical solutions of the tachyon effective field 
theory around the kink solution, without doing a general analysis of the equations of 
motion around this background. A general approach to getting the DBI action on the 
kink and vortex solutions has been described in [23123 • These papers, however, worked 
with very general form of the tachyon effective action, and arrived at the DBI action after 
ignoring the higher derivative terms. In contrast, we work with a specific form of the action 
given in (ll.lj) . but given this form, we make no further approximation in our analysis. In 
particular, we keep all powers of fields and all derivative terms, and nevertheless arrive 
at the DBI action without any higher derivative terms. We should, of course, keep in 
mind that the action itself is at best an approximate action for the tachyon in string 
theory, and corrections to this action will certainly modify the world- volume action on the 
kink. The significance of our result is that all such corrections involving higher derivative 
terms on the world-volume action of the BPS D-(p — l)-brane must come from explicit 
addition of such corrections to the world-volume action of the non-BPS D-p-brane. This 
suggests a sense in which the action is a 'low energy effective action', - namely that 
it reproduces the low energy effective action on the world-volume of the soliton without 
any correction terms. In fact we also argue that in the world-volume theory on the kink, 
the would be massive modes, obtained by analysing the linearized equations of motion of 
various fields around the kink solution j7|, disappear when we take into account the effect 
of the non-linear terms. Thus the only perturbative excitations on the kink world- volume 
are the massless degrees of freedom. 



3 



We also generalize our analysis to the construction of a vortex solution on a Dp-brane - 
anti-Dp-brane pair. For this we begin with a generalization of the tachyon effective action 
on brane-antibrane pair, - this is done in a way that satisfies various known consistency 
requirements for such an action. We then construct the vortex solution, and find that it 
has finite energy density per unit {p — 2)-volume; however the energy density is strictly 
localized on a codimension 2 subspace. Furthermore, the world-volume theory on the 
vortex is given by the DBI action expected for a BPS D-(p — 2)-brane. 

The rest of the paper is organized as follows. In section |21 we review construction 
of the kink solution on a non-BPS D-brane. In section |21 we analyze the world- volume 
theory of the bosonic fields on the kink. In section 0] we discuss the coupling of fermions 
on the non-BPS and BPS D-brane world-volume, and show how the supersymmetry and 
/t-symmetry, expected to be present on the world- volume action of a BPS D-(p — l)-brane, 
appear in the world-volume action on the tachyon kink in a non-BPS D-p-brane. Section 
E] is devoted to construction of the vortex solution on the brane-antibrane pair, and in 
section IHl we construct the world- volume action on the vortex. We conclude with a few 
general comments in section [7| 

2 The Kink Solution 

The construction of the kink solution follows jH [71 |H1 El • The energy momentum tensor ^ 
associated with the action is given bv pUl 1^ 1^ 

rpf^u = _y (T) (A-^)f V- det A , (2.1) 

where the subscript S denotes the symmetric part of a matrix. In order to construct a kink 
solution, we look for a solution for which the tachyon depends on one spatial direction 
X = and is time independent, and furthermore, the gauge fields and the transverse 
scalar fields are set to zero. For such a background the energy momentum tensor is given 
by: 

T.. = -V{T)/^l + {d^T)\ = 0, 

Taf, = -ViT),JlT{d^7]ap, for 0<a,/?< (2.2) 
The energy-momentum conservation gives, 

d.T^x = . (2.3) 

^In writing down the expression for the energy momentum tensor, it wiU be understood that these 
are locahzed on the plane of the original D-p-brane by a position space delta function in the transverse 
coordinates. Also only the components of the energy-momentum tensor along the world-volume of the 
original D-p-brane are non-zero. 
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Thus Txx is independent of x. Since for a kink solution T ±cxd as x — > ±00, and 
V{T) ^ in this limit, Txx vanishes as x ^ 00. Thus T^x must vanish for all x. This, in 
turn, shows that we must have 

T = ±cx2, or dxT = 00 (or both) for all a; . (2.4) 

Clearly the solution looks singular. We shall now see that despite this singularity, the 
solution has finite energy density which is independent of the way we regularize the 
singularity. Also the energy density is localized on a codimension 1 subspace, just as is 
expected of a D(p — l)-brane[7l ini- For this let us consider the field configuration 

T{x) = f{ax) , (2.5) 

where f{u) satisfies 

f{-u) = -f{u), nu)>0 V u, /(±oo) = ±oo, (2.6) 

but is otherwise an arbitrary function of its argument u. a is a constant that we shall 
take to 00 at the end. In this limit we have T = 00 for x > and T = —00 for x < 0. 
Thus the kink is singular as expected. Eq. ()2.2|) gives the non-zero components of T^,^ for 
this background to be: 

Txx = -V{f{ax))/^l + a\f'iax)r, T^p = -V{f{ax)) y^l + a2(/'(ax))2 r/„^ . 

(2.7) 

Clearly in the a — > 00 limit, Txx vanishes everywhere since the numerator vanishes (except 
at X = 0) and the denominator blows up everywhere. Hence the conservation law ()2.Hj) is 
automatically satisfied. 

Let us now check that this configuration satisfies the full set of equations of motion. 
The non-trivial components of the equations of motion are: 

i^f^W^ - = • (2-8) 

\^\^{dxTY) 

Taking T = /(ax) we get the left hand side to be: 

= 0(i). (2.9, 
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assuming that V{y)f"{y)/{f'{y))^ does not blow up anywhere. Thus in the a — >• cxd hmit 
the configuration satisfies the equations of motion. 

We shall now compute the energy-density associated with this solution. From ()2.7j) 
we see that in the a oo limit T^x vanishes, and we can write Tq,^ as: 

Tafs = -aVa^Vifiax)) f\ax) . (2.10) 

Thus the integrated Tap, associated with the codimension 1 soliton, is given by: 

/CO roo 
dxV{f{ax))f'{ax) = -Va(, / dyV{y) , (2.11) 
-oo J —oo 

where y = f{ax). Thus T^^^^ depends only on the form of V{y) and not on the shape of 
the function f{u) used to describe the soliton [HI I2ZI- It is also clear from the exponential 
fall off in V{y) for large y that most of the contribution to T^p^^ is contained within a 
finite range of y. From the relation y = f{ax) we see that this means that the contribution 
comes from a region of x integral of width 1/a around x = 0. In the a — > cxd limit such 
a distribution approaches a 5-function. Thus the {p + l)-dimensional energy- momentum 
tensor associated with this solution is given by: 

/oo 
dyV{y). (2.12) 
-oo 

This is precisely what is expected of a D-(p — l)-brane, provided the integral dyV{y) 
equals the tension of the D-(p — l)-brane. For comparison, we also recall that V{0) denotes 
the tension of a Dp-brane. These relations can be written as:^ 

/oo 
V{y)dy. (2.13) 
-oo 

If we also require that the tachyon around T = has mass^ = — |, we get[7] V"{0)/V{0) = 
— 1/2. However, higher derivative contribution to the action could modify this result. 

Incidentally, we might note that one possible choice of the function f{u) is f{u) = u. 
For this choice, the second and higher derivatives of the tachyon field vanish everywhere.^ 
Thus the tachyon satisfies at least one of the two conditions under which the effective 

■^For more general actions of the kind discussed in footnoteni if F is normalized such that F{Q) — 1, 
and if for large u, F{u)/u^^^ ~ C, then we have Tp = ¥(0), Tp_i = C J^^ V{y)dy. V{T) and F{u) 
motivated by boundary string field theory automatically gives the correct ratio of the Dp-brane and 
D-(p — l)-brane tensions j7|. 

^We note the similarity between such solutions and those in boundary superstring field theory 14 . 
This of course is consistent with the proposal that the effective action from boundary string field theory 
has the general form given in footnote [1^71 151 IT^ I13| . 
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action is expected to be valid. The agreement between the properties of the sohton 
and those of a D-(p — l)-brane suggests that corrections to the action organize 
themselves in a way so as not to affect the desired features of the kink solution of 

We conclude this section by giving an intuitive argument for the infinite spatial gradi- 
ent of T. From eq. ()2.2|) we see that the total energy associated with a static configuration 
depending on only one spatial direction x, and interpolating between T = ±00 at x = ±00, 
is given by: 

E = r dxV{T{x))Jl + {d^TY 

J —00 

/CO roo roo 

dxViT{x))\d^T\> dxV{T{x))d^T = dyV{y) . (2.14) 
-00 J— 00 J— 00 

The right hand side of ()2.14p is independent of the choice of T{x). Since a static solution 

of the equations of motion must minimize (extremize) the total energy, we conclude that 

in order to get a solution of the equations of motion the bound given in ()2.14|1 must be 

saturated. This requires \dxT\ 00 and dxT > everywhere. This is precisely the result 

we obtained by explicitly analyzing the equations of motion. 

3 Study of Fluctuations Around the Kink 

In this section we shall study fluctuations of various bosonic fields around the kink back- 
ground and compare the effective action describing the dynamics of these fluctuations 
to the expected DBI action on the T)-{p — l)-brane world- volume. First as a warm-up 
exercise we shall consider the dynamics of the translation zero mode along the x direction, 
keeping the gauge fields and the transverse scalar fields to zero. Such fluctuations 
correspond to fluctuation of T of the form: 

T(x,0 = /(a(a;-t(0)), (3.1) 

where we have denoted by {■C"} for < a < (p — 1) the coordinates tangential to the kink 
world- volume. Here t{C,) is the (p— 1, 1) dimensional field associated with the translational 
zero mode of the kink.^ For this configuration, 

- det(A) = (1 + v'^'d.Td^T) = 1 + a'if'Yil + v'^^d^td^t) , (3.2) 

where for brevity we have denoted f'{a{x — t(0)) by /', and f{a{x — t{^))) by /. Substi- 
tuting this into the action (jl.ll) we get, for a ^ 00: 

S = - J dPj J dx V{f) a f ^/iT^f^dJd^t . (3.3) 

^ Since the soliton solution is infinitely thin, we do not need to rescale the argument of / by Vl + d°'tdat 
as in I2H1. 
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We now make a change of variables from x to y: 



y = f{a{x-tm- (3.4) 

()3.3|) may then be rewritten as 

S = - j (Fi /I ^^y^ V'l + r^do^tdpt . (3.5) 

Performing the y integral, and using (j2.13|) we get 

S = - Vi j (Fi ^l + r^-Pd^tdpt. (3.6) 

This is precisely the action involving the scalar field t associated with the coordinate x 
transverse to a D-(p — l)-brane, lying in the . . plane. For the boundary string 
field theory action, this analysis was carried out previously in |25j . 

Note, however, that this does not yet establish that the dynamics of the kink is de- 
scribed by the action (j3.6|) . In order to do so, we need to establish that given any solution 
of the equations of motion derived from ()3.6|) . it will produce a solution of the original 
equations of motion derived from the action under the identification (jSUl). Put 

another way, since S given in reduces to that given in ()3.6|) when p.ip holds, we 
already know that given a solution of the equations of motion of ()3.6p . 5S vanishes for 
any variation of T that is induced due to a variation of t(^) through (j3.H) . What needs 
to be shown is that 5S also vanishes for a 5T with more general x-dependence that is not 
necessarily induced due to a variation 6t{^) of t. For this we need to look at the general 
equation of motion of T following from p.lj) . It is: 

(3.7) 

Substituting ()3.1|) into ()3.7|) . and using the equations of motion of t{^) derived from ()3.6p 
we can easily verify that the left hand side of ()3.7p vanishes in the a — oo limit. This, in 
turn, shows that the dynamics of the field t(^) is described precisely by the action ()3.6p . 

Let us now turn to the inclusion of the gauge fields Ai and the scalar fields . We 
expect that appropriate fluctuations in these fields will be responsible for the transverse 
scalar field excitations y^ and gauge field excitations on the D-(p — l)-brane. Thus the 
first step is to make a suitable ansatz for the fluctuations in the (p+ l)-dimensional fields 

and in terms of the (p — 1 + l)-dimensional fields aa{C) and y^{C)- We make the 
following ansatz: 

A,(x,O = 0, A,(x,0 = aa(0, Y\x,0=y\0. (3.8) 
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together with ()3.1|) . In other words we take the fields and to be independent of 
X. This seems surprising at first sight, since the fiuctuations on a kink are expected to 
be locahzed around x = where the kink is sitting. We note however that the dynamics 
of the gauge fields and the scalar fields away from the location of the kink is 
essentially trivial^ E21 IHOl IHHl 01]; and hence although we allow fiuctuations in and 
Y^ far away from the location of the kink, the energy momentum tensor associated with 
such fiuctuations is localized in the plane of the brane due to the explicit factor of V{T) in 
(j2.ip which vanishes away from the plane of the kink.^ We shall discuss this issue further 
at the end of this section. 

The next step will be to show that with the ansatz (j3.1|) . (j3.8|) the action (jl.lj) reduces 
to the DBI action on a BPS D-(p — 1) brane. Computation of A^y defined in with 
this ansatz yields: 

A-xx = 1 + 0- (/ ) ) Axa — Aax — O (/ ) dat^ 

Aafs = {a\ff - l)djdfst + , (3.9) 

where / = f{a{x - /' = f\a{x - and 

= Tjap + f^p + dc,y^ dpy^ + d^t dpt , f^p = d^ap - dpUa ■ (3.10) 

We can simplify the evaluation of det A by adding appropriate multiples of the first row 
and first column to other rows and columns. More specifically, we define: 

= + Afj^xdf^t, A^x — A^x -I 
Aq,^ Aq,^ -|- A-xi/Oat, Ajjjy A-xi/ ■ (3.11) 

Clearly this operation does not change the determinants; so we have 

det(A) = det(A) = det(A) . (3.12) 

On the other hand, we have, from ()3.9|) . ()3.1ip . 

Axx 1 -|- (2 (y ) ) AjjQ, -Aqix dat-i 

A„/3 = aQ^. (3.13) 



Using ((SII2D, (Em, we get 



det (A) = a'(/')'[det a + C (^^ )] . (3.14) 



^Only exceptions to this arises when the field strengths are at their critical values p^ 1801 . 
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Substituting this into (jl-H) . we get, in the a ^ oo hmit, 

S = ~ j (Fi J dx V{f)afW- det a . (3.15) 

Making the change of variables ()3.4|1 and using ()2.13j) we can write this as 

S = -Tp_i J rfP^ V-deta, (3.16) 

with a^^ given by (|3.1(J|) . This is precisely the world- volume action on a BPS D-(p — 1)- 
brane if we identify the field t as the coordinate associated with the p-th direction. 

In order to establish that the dynamics of the kink is described by the action (j3.16p . 
we now need to show that any solution of the equations of motion derived from the action 
()3.16p also provides a solution of the full {p + l)-dimensional equations of motion. The 
p-dimensional equations, derived from ()3.16p are: 

da ({sr^)fdpt^- det a) = , 
9,((a-i)f9^l/^v/^d^) =0, 

da ((a-i)^^V-det a) = , (3.17) 

where the subscripts S and A denote the symmetric and anti-symmetric components of 
a matrix respectively. On the other hand the (p + l)-dimensional equations, which need 
to be verified, are 

{y{T) (A-^)f 9^TV- det a) - F'(T)V-det A = , 
[V{T) (A-i)f9,FV-detA) = , 

{y{T) (A-i)7V-detA) = . (3.18) 

Eqs. fKllj) and ()3.8|1 expresses the (p+ l)-dimensional fields in terms of p-dimensional fields. 
We also need expressions for A~^ and det(A) in terms of a^^. These are summarized in 
the relations: 

{A-y - {ar^Y^datdpt , (A-i)"" ~ dpt (a-^)'^", 

(A-i)"^ ~ {sr^Y^ d/st , (A-i)°^ ~ (a-i)"^ , (3.19) 

together with eq. ()3.14|) . All the relations given in ()3.19p hold up to corrections of order 
l/a\ 

We shall now verify that eqs. ()3.17p . together with ()3.ip . ()3.8p . implies eqs. ()3.18|) . 
Besides the relations ()3.14p . ()3.19|) . an identity that is particularly useful in carrying out 
this analysis is: 

daF{x - t(0) = -dat d^F{x - m) , (3.20) 



10 



for any function F. We begin our discussion with the verification of the second equation 
of ()3.18p . Using eqs. ()3.1|) . ()3.8p . ()3.14|) and ()3.19p we can express the left hand side of this 
equation as: 

d,{V{T){A-%^df3Y' v/^ditA} + d^{V{T){A-')fd^Y' v^^ditA} 

^ d,.,{Vif)dJdpy\8i-')f af v/^dit^} + d^{V{f ) {^-')fd(,y' af v^^dit^} 

= (a-i)f v^^d^ {dj d^{yU)af) + d^{yU)an} = , (3.21) 

where in going from the second to the third hne we have used the second equation in 
()3.17p . and in the last step we have used eq. ()3.20p . Note however that only terms of 
order and a cancel, leaving behind a contribution of order 1. These finite contributions 
come, for example, from product of (9(a~^) corrections to the right hand side of eqs. ()3.14|) . 
fj3.19|) with the O(a^) contribution from dx{V{f)af'). However, since V{T) is non-zero 
only within a range of order 1/a in the x space, the contribution to a variation 6S in the 
action due to the finite terms in the equations of motion will be of order 1/a for any finite 
6Y^ . This goes to zero in the a —>■ oo limit, and hence we conclude that the equations 
of motion given in ()3.17j) implies 6S = for arbitrary finite 6Y^ . 

Verification of the third equation of (j3.18|) proceeds in the same way. For v = 13 the 
left hand side of this equation is given by: 

d,{v{T){A-y^ v/^d^} + 94V(r)(A-i)f v/^d^} 

^ d^{V{f)d^t{sr^rA af v^^dit^} + d^{V{f) (a-i)f af T^dit^} 

= (a-i)f v/^d^ {d^t d^(yU)af) + d^{yU)af)} = . (3.22) 

In going from the second to the third line in (j3.22j) we have used the last equation in 
(j3.17j) . Again (j3.22j) has finite left-over contribution, but this is sufficient to establish 
that the variation of 5S vanishes for arbitrary finite dA^ when the equations (j3.17p are 
satisfied. 

For z/ = X, the left hand side of the third equation in ()3.18|) has the form: 

9„{V(T)(A-i)^V-detA} 
^ d^{V{f){^-')fdptafV^A^} 

= {sr^)f dpt^^^d^{yu)af) = ^^^dptdjd^{yu)af) 

= 0, (3.23) 

where in going from the second to the third line of ()3.23|) we have used the third equa- 
tion in ()3.17|1 and the antisymmetry of (a~^)^^, and in the last step we have used the 
antisymmetry of {a~^)'^ . 
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Verification of tlie first equation of ()3.18|) is a little more involved due to the following 
reasons. First of all, here the leading contribution from individual terms is of order a^, 
with one factor of a coming from a/— det A and two more factors of a coming from the two 
derivatives of f(a{x — Thus we cannot, from the beginning, use ()3.14p and ()3.19|) . 
since the corrections of order in these equations could combine with the terms to 
give a contribution of order a. Furthermore, since finite 6t induces a 6T = —af'6t ~ a, 
the equations of motion of T must hold including finite terms, since such terms will give 
a contribution of order 1 in 6S. We proceed with our analysis as follows. Using the 
equations {A'^y^Ajy^ = 5^, Ax„{A~^y^ = 5^, we get the following exact relations: 

(A-^)f - (A-^)f = ^^K^ - (A-^)r) • (3.24) 

Using ()3.24j) and that df^T = —dxTdpt = —af'df^t, we can now express the left hand side 
{l.h.s.) of the first equation of ()3.18|) as 

l.h.s. = d,(v{f)af -^{6!i - {A-'rsly^^^^^ (3.25) 

Due to the explicit factor of a^{f'Y in the denominator of the first term, the leading 
contribution from individual terms in this expression is now of order a, and hence we can 
now use eqs. ()3.14j) . ()3.19j) to analyze ()3.25j) if we are willing to ignore contributions of 
order 1/a. Using these equations (|3.25p can be simplified as follows: 

l.h.s. ~ d,[v{f)V^^{i-{sr^)fd^tdpt)] 

-d^ [v{f) v/^d^ {ar^)fdpt] - v'{f) a/'v/^d^ 

= ^'(/)a/V-deta (1 - (a-^)f 9„t9^t) + V\f)af V- det a {sT^f^dJdpt 



= 0, (3.26) 

using the first equation of ()3.17|) . This establishes that any solution of eqs. ()3.17p auto- 
matically gives a solution of eqs. ()3.18p . 

Before concluding this section, let us note that if we consider a general expansion of 
the fields and of the form: 

oo 

Y\x, = y\0 + E - m)yUiO, 

n=l 

oo 

AA^,0 = 0(0) (0 + E fni^ - ^(O)0(n)(O = , 
n=l 

oo 

A^{x, = a«(0 + E fni^ - ^(0)«L"HO - ^{x, Odat, (3.27) 



n=l 
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where {fn{u)} for n > 1 is a basis of smooth functions which vanish at m = 0, and 
which are bounded including at u = ±00/ then the action will be independent of yfn){0^ 
a^"^(^) for n > 1 and ^oi n > 0. This can be seen by carrying out the same 

manipulations on the matrix A^j^ as given in eqs. ()3.9p - ()3.16p . This has the following 
implication. As was argued in |^ EH] , at the tachyon vacuum a finite deformation of 
the Afj, and the fields do not change the action, and hence it is natural to identify all 
such field configurations as a single point in the configuration space, just like in the polar 
coordinate system different values of the polar angle 6 give rise to the same physical point 
at r = 0. This can be made into a general principle by postulating that whenever we 
encounter a local transformation that does not change the action, we should identify the 
different points in the configuration space related by this local transformation. In this 
spirit, the deformations associated with 0(a;, ,^), and a^\^) should be regarded 

as pure gauge deformations. This general principle means, however, that the dimension 
of the gauge group may change from one point to another in the configuration space, 
e.g. while around the tachyon background all deformations in and are pure gauge, 
around the non-BPS D-p-brane solution most of these deformations are physical, while 
around a kink solution some of these deformations are physical. This should not come as 
a surprise, as it simply indicates that the coordinate system that we have chosen, - the 
fields T, and Y^ , - are not good coordinates everywhere in the configuration space 
just like the polar coordiante system is not a good system near the origin. 

To summarize, what we see from this analysis is that not only is the effective field 
theory of low energy modes on the world-volume of the kink described by DBI action, 
but all the other smooth excitations on the kink world-volume associated with gauge and 
transverse scalar fields are pure gauge deformations. The action depends only on the 
pull-back of the fields Y^ and the gauge field strength F^^ along the surface x = t{^) 
along which the kink world-volume lies. In particular, invariance of the action under the 
deformations generated by a^^^ and 0(„) for > 1 reflects that the action does not 
depend on the fields away from the location of the kink, whereas 0(o) independence of the 
action reflects that the action depends only on the components of the gauge field strength 
along the world- volume of the kink. 

In this context we would like to note that ref . |7j analyzed the non-zero mode excitations 
involving the (and the tachyon) fields and found a non-trivial spectrum for these modes 
by working to quadratic order in these fields in the action. For potential V{T) motivated 
by the boundary string field theory analysis, these eigenmodes turned out to be Hermite 

^This condition is imposed so that — det(A) remains positive for all x for arbitrary finite amplitude 
fluctuations of y^^^ , aL"'' and . 
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polynomials with their arguments scaled by a. Since these are not smooth functions in 
the a —>■ limit, and blow up for large x except for the constant mode, there is no 
conflict with our result. However we should note that in general, for actions of the kind 
considered here where the overall multiplicative factor vanishes away from the core of the 
soliton, the results based on the linearized analysis of the equations of motion may be 
somewhat misleading, since the non-linear terms could dominate even for small amplitude 
oscillations. In particular, if we consider the fluctuation of a mode of associated with 
a Hermite polynomial that grows for large x, then for any small but finite amplitude 
oscillation the F^^, in A^,^ will become comparable with r/^,^ for sufficiently large x, and 
could drive — det(A) to be negative, thereby invalidating the analysis. We can see this 
explicitly by taking the linear tachyon profile T oc ax as in [7] and considering a fiuctuation 
in the gauge field Ai{x,C,) of the form Hn{ax)ai{^^) where denotes the nth Hermite 
polynomial. Let us further consider a specific instant of time when cii(^°) vanishes but 



(9oai(^°) is non-zero. As this instant y — det(A) oc ay 1 — {Hn{ax)y {doaiy . Since Hn{ax) 
grows for large ax, we see that for any finite doai, however small, the expression under the 
square root will become negative for sufficiently large ax. The only mode that does not 
suffer from this problem is the constant mode. A similar argument holds for fluctuations 
in and T. This leads us to suspect that the only surviving modes on the kink world- 
volume are the massless modes associated with t, and a^.^ A similar argument works 
for potentials V{T) with different asymptotic behaviour, e.g. V{T) ~ e~^^ for large T 
where f3 is some constant. The only difference is that instead of the Hermite polynomials 
Hn{ax), we have some other functions which grow for large ax. 

A simpler version of this problem can be seen even for studying gauge (and scalar) field 



fiuctuations around the tachyon vacuum. If we expand the action —C J cP^^x J — det(?7 + F) 



dard kinetic term for the gauge fields. This would lead to a conclusion that the spec- 
trum contains a massless photon for all C. However in the C ^ limit (relevant for 
the tachyon vacuum) this procedure is clearly incorrect since this will give an action 



-C j (F+^x^-dei{r] + C—^F), and even a small fiuctuation in F could drive the term 
under the square root negative, invalidating the analysis. In this case a Hamiltonian anal- 
ysis of the system gives a much better understanding of the possible fiuctuations around 
the tachyon vacuum pUj (see also (HZl)- A similar analysis in the kink background may 
provide useful insight into what type of fiuctuations are present around this background. 

^This argument of course does not affect the analysis for other types of action discussed in [3^1 E] where 
the action takes the form of a kinetic plus a singular potential term. 




to quadratic order in F, then we can absorb a factor 
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4 World-volume Fermions, Supersymmetry and k- 
symmetry 

So far in our discussion we have ignored the world-volume fermions. We shall now discuss 
inclusion of these fields in our analysis. 

For definiteness we shall restrict our analysis to D-branes in type IIA string theory, 
but generalization to type IIB theory is straightforward following the analysis of ref. 
On a non-BPS Dp-brane world- volume in type IIA string theory, we have a 32 component 
anti-commuting field G which transforms as a Majorana spinor of the 10 dimensional 
Lorentz group[T]. We shall denote by Tm the ten dimensional 7-matrices, and take the 
indices M, N to run from to 9. In order to construct the world- volume action involving 
the fields A^, , 6 and T (0 < /i < p, (p + 1) < / < 9) in static gauge, we first define: 

n;: = 5;: - er^s^e, n;. = d,Y' - er'd.Q, (4.i) 

G,, = VmnII^'II^ + d,Td,T , (4.2) 

and 

1 ^ 



{QTnT,d^e + QTnTid^Qd.Y' - -QTnTMd^eQr'' d,Q} - {^i ^ i^} 



(4.3) 
where 

F^, = d^A,-d,A^. (4.4) 
In terms of these variables, the DEI part of the world- volume action is given by^ 

Sdbi = - j (P^^x V{T) y^-det(G + F) . (4.5) 

The action is invariant under the supersymmetry transformation parametrized by a ten 
dimensional Majorana spinor e. In the static gauge in which we are working, the infinites- 
imal supersymmetry transformation laws are given by^: 

5pQ = e- (er^e)a^e, 5;y' = IT'Q - {eT^Q)d;Y' , S^T = -{eT^Q)d^T , 

- {tT^Q)d^A, - d,{eT^'Q)A^ . (4.6) 

The subscript p in 5p denotes that these are the supersymmetry transformation laws on the 
D-p-brane world- volume. The supersymmetry transformation parameter e is a Majorana 
spinor of the ten dimensional Lorentz group. 
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Besides the DBI term, the world-volume action also contains a Wess-Zumino term. 
In the bosonic sector this term is important only for non-vanishing RR background field, 
but once we take into account the world- volume fermions, this term survives even for zero 
RR background. The structure of this term is [321 CHI 1^ IHj: 

Swz = J W{T) rfT A C A , (4.7) 

where F = Y^i,dx^ A dx'^ , W{T) is an even function of T which vanishes as T ±oo, 
and C is a specific combination of background RR fields and the world-volume fields 
y^, B on the D-branej2I. In particular, the bosonic part of C is given by '}2q>QC^^^'^'''> 
where C^^~'^'^^ denotes the pull-back of the RR (p — 2g)-form field on the D-p-brane world- 
volume. This vanishes for vanishing RR background, but there is a part of C involving the 
world- volume fermion fields that survives even in the absence of any RR background |2m 
inn 1221 12ni 1211 Since we shall not need the explicit form of C for our analysis, we 
shall not give it here. (See, for example j2| for the component form of this term for 
trivial supergravity background.) The Wess-Zumino term is also invariant under the 
supersymmetry transformations ()4.6|) . Later we shall see that consistency requires: 

/oo 
V{T)dT = Tp_i , (4.8) 
-oo 

where in the last step we have used eq. ()2.13|) . 

Since we want to compare the world-volume action on a kink solution with that on 
the BPS D-(p — l)-brane, we need to first know the form of the world-volume action on 
a BPS D-(p — l)-brane. The world- volume fields in this case consist of a vector field 
'2q(0 (0 < a < (p — 1)), a set of (9 — p + 1) scalar fields which we shall denote by y^{i) 
((p + 1) < / < 9) and y^{i) = t{^) respectively in the convention of section |21 and a 
Majorana spinor 6'(^) of the ten dimensional Lorentz group. Here {^"} denote the world- 
volume coordinate on the D-(p — l)-brane as in section |21 The DBI part of the action is 
given byj2ni I211l221l231l21j : 

Sdu = J rf^e v/-det(g + f), (4.9) 

where 

ga/3 = VMNT^a^^ > (4-10) 

TT^ = 5/^ - ^r^5,^, 7ri = do,y' ~9T'dJ, t^I = d^t - OT^dJ, (4.11) 

(4.12) 
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fai3 = daap - dpaa . (4.13) 
The Wess-Zumino term, on the other hand, has the form: 

Su,z = %_^ / cAe^ (4.14) 

where f = ^apdS,"" A dS,^ , and c is an expression containing the RR background and 
the world- volume fields y',t,9 [201 1^ 1221 1231 1^- The bosonic part of c is given by 
J2q>o C^^"^'') where C^^"^'') denotes the pull-back of the RR {p — 2g)-form field on the 
T)-{p — l)-brane world-volume. Like C, c also contains a term involving and 6 which 
survive even for trivial RR background. If we think of the world- volume of the D-{p — 1)- 
brane as sitting inside that of a D-p-brane along the surface = t{C,), then c is in fact 
the puUback of C appearing in ()4.7|) provided we identify 9 and as the restriction of 9 
and along the surface = t(^). 

Both Sdbi and S^z are separately invariant under the infinitesimal supersymmetry 
transformation: 

5p_ia^ = eVnT^e + eTuTiOd^y' + eVuTped^t - l{eTiiTMe eV'dfse + eTMeeVnT^'dpe) 



- {eT''9)da,ap - dp{eT''9)a^ . (4.15) 

The subscript (p—l) on (5p_i indicates that these represent supersymmetry transformation 
laws on the world-volume of a BPS T)-{p — l)-brane. 

In order to show that the world- volume action S^bi + S^z on the BPS D-(p — l)-brane 
arises from the world-volume action on the tachyon kink solution of section we need 
to first propose an ansatz relating the fields T(x,^), A^{x,C,), Y^{x,C,) and 9(x, ^) to the 
fields a„(0, y^iO, t{^) and ^(0 on the BPS D-brane. For this we propose the following 
ansatz: 

T(x, = f{a{x - t(0)) , Y\x, = y'iO, = 0(0, 

/l,.(x,O=0 A^{x,0=aaiO- 

(4.16) 

We can now compute Gf^i, and F^^, in terms of the variables a^, y^ , t and 9 using eqs. 1)4.11) - 
flO|l and dmni). The result is: 

C = 1 + a\f'f , = C = -a\f'fdj - 9r'dJ , 

Go^p = go^p + dj 9rPdp9 + dpt 9rPdJ + {a\f'f - l)djdpt , 

'Pax = —Fxa = —9TuT^da9 , 

= - dj 9rur'dp9 + Opt 9v,^T^dj , (4.17) 
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with gap and f^/? defined as in eqs. fl4.10|) - ()4.13|) . Using manipulations similar to those in 
eqs. ()3.11|) - ()3.16p we can now show that 

det(G + F) = a2(/')2{det(g + f ) + ^(a-^)} , (4.18) 

and 

Sdbi = - j dP+'xV{T) ^-det(G + F) = - J d^i ^-det(g + f) = S^u ■ (4.19) 

The analysis for Swz is even simpler; - indeed this term was designed to reproduce 
the Wess-Zumino term on the world- volume of a kink solution [TH| 13]. For this let us define 

u = x- t(0 • (4.20) 

Then from ()4.17|) we get 

F = F^^ dx^ A dx" = 2F^^ dx A df + F^/b dC A df 

= 2eTnTpdaeduAdC + iai3dC^df. (4.21) 

Since we have 

dT = af'{au) du , (4.22) 

only the second term on the right hand side of (j4.2H) will contribute to Swz given in 
()4.7|) . Thus we can replace F by f in ()4.7p . On the other hand, we can analyze C by 
writing it as 



= E(? Cit-a/x A dr A ■ ■ ■ dC + Clt.aA" dC") 
1 

= E Cit-a/^ A A ■ ■ ■ dC + (q C^l..aM + C(^_J dr A---dC 

(4.23) 

where in the last step we have used dx = du + datdC,". The term proportional to du does 
not contribute to ()4.7p due to eq. ()4.22p . whereas the term proportional to d^"'^ A ■ ■ ■ d^"''^, 
after being summer over q, is precisely the pull-back of C on the kink world- volume along 
X = t(^) and hence can be identified with c. Thus we get 

Swz = J W{f{au)) a f'{au) du Ac A = Tp_i J c A = S^^ , (4.24) 

using eq. ()4.8|) . 
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This shows that Sdbi + Swz reduces to Sdu + Swz under the identification ()4.16p . In 
principle we also need to check that any solution of the equations of motion derived from 
Sdbi + Syjz is automatically a solution of the equations of motion derived from Sdbi + Swz- 
Presumably this can be done following the analysis of section 01 but we have not worked 
out all the details. 

Finally, we need to check that the supersymmetry transformations ()4.15p are compat- 
ible with the supersymmetry transformations ()4.6|) . For this we need to calculate 5p_iy4^, 
5p^iY^ and (5p_iT using (j4.15|) . (j4.16p and compare them with (j4.6j) . The calculation is 
straightforward, and we get: 

5pAx = 6p-iArc + eFiiFp^, SpAa = 6p-iAa — eTnTpOdat, 

6pY' = 6p^iY', 5pT = 5p.{r. (4.25) 

Thus we see that 5p and differ for the transformation laws of A^ and A^. This 
difference, however, is precisely of the form induced by the function ^) in eq. (|3.27|) 
with ^) = eFiiFp6'(^). As was argued below ()3.27p . this is a gauge transformation. 
Thus we see that the action of 5p and 5p_i differ by a gauge transformation in the world- 
volume theory on the D-p-brane. 

This establishes that the world volume action on the kink reduces to that on a D- 
(p — l)-brane. The latter has a local ^-symmetry which can be used to gauge away half 
of the world- volume fermion fields PUI 1^ 121] ■ This leads to a puzzle. Whereas 

on a BPS D-brane the local ^-symmetry is postulated to be a gauge symmetry, i.e. 
different configurations related by ^-transformation are identified, on a kink solution the 
appearance of the K-symmetry seems accidental and a priori there is no reason to identify 
field configurations which are related by ^-symmetry. We believe the resolution of this 
puzzle lies in the general principle advocated below (j3.27p that any local transformation 
of the fields which does not change the action must be a gauge symmetry. This will 
automatically imply that the ^-transformation is a gauge transformation and we should 
identify the configurations related by ^-transformation. This K-symmetry can now be 
used to gauge away half of the fermion fields on the world- volume of the kink. 

5 Vortex Solution on the Brane-Antibrane Pair 

In this section we shall generalize the construction of section |21 to a vortex solution on 
a brane-antibrane pair. For this we need to begin with a tachyon effective action on 
a brane-antibrane pair. In this case we have a complex tachyon field T, besides the 
massless gauge fields A'^^\ A^^^ and scalar fields Y^i), ^(2) corresponding to the transverse 
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coordinates of individual branes. We shall work with the following effective action that 
generalizes 

S = -J dP+'x V{T, Y({) - ^(^2)) (^-detA(i) + y'-detA(2)) , (5.1) 

where 

A(.)^. = V,. + + d,Y;^d.Y(,) + i(D^T)*(D,T) + ]^{D,Ty{D,T) , (5.2) 

Fj^ = 5.4^^ - d.Af , D,T = {d, - + ^42))T , (5.3) 
and the potential V{T) depends on |T| and J2iO^({) — ^(2))^ only. For small T, V behaves 



as 



ViT,Y.{.~Y^,.)=% 



(5.4) 



Tp denotes the tension of the individual D-p-branes. Although this action has not been 
derived from first principles, we note that this obeys the following consistency conditions: 

1. The action has the required invariance under the gauge transformation: 

T^e2-(-)T, A«-.A« + a^a(x), ^ ^(2) _ ^^^(^^ _ 

2. For T = the action reduces to the sum of the usual DBI action on the individual 
branes. 

3. If we require the fields to be invaiant under the symmetry (—1)-^^ that exchanges 
the brane and the antibrane, we get the restriction: 

T = real, A« = ^ A, , = Y^,^ ^ Y' . (5.6) 

Under this restriction the action becomes proportionl to that on a non-BPS D-p- 
brane, as given in (ll.lj) . This is a necessary consistency check, as modding out a 
brane-antibrane configuration by (—1)^^ is supposed to produce a non-BPS D-p- 
brane 0^ . 



^As in section 12 we expect our analysis to be valid for a more general action of the form: 



where g]j}, — 77^,^ + d^Y^^^d^Y^^s^ is the induced closed string metric on the ith brane, G|'^'J is the open 

string metric on the ith brane and the function F[u) grows as v}/"^ for large u. 

-'^'^There have been various other proposals for the tachyon effective action and / or vortex solutions on 
brane-antibrane pair, see e.g. HTl 1121 HHl 1^ . 
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We should keep in mind however that these constraints do not fix the form of the action 
uniquely. Nevertheless we shall make the specific choice given in fj5.1|) and proceed to 
study the vortex solution in this theory. 

The energy momentum tensor T'^'^ associated with this action is given by: 



det(A(i))(A.;^^'^ 



det(A(2))(Ari^'^'^ 



In order to construct a vortex solution we begin with the ansatz: 



T{r,9) = f{r)e' 



A 



(1) 



-A 



(2) 



(5.7) 



where r and 6 denote the polar coordinates in the {x^ ^,x^) plane, and /(r) and g{r) are 
real functions of r satisfying the boundary conditions: 



/(0) = 0, /(oo) = oo, ^(0) = 0, ^'(0) = 0, 
All other fields vanish. For such a background: 



Also in the polar coordinate that we have been using: 



(1) 



.(2) 



Ig'ir) 



(5.9) 



(5.10) 



/ V. 



V 



a(3 



\ 



J 



0<a,p<{p-2) 



(5.11) 



This gives, 



( Vad 



A 



(1) 



1 + if'? w 



^2) 



- detfA 



detfA 



(2); 



1 , 



l\2 



{i + (m{r^+f(i-^7)n+^(^?')^. 



r2 + /2(l-^)2 
(5.12) 

(5.13) 



T 

Taa 



V{T) Ml + {f'y}{r^ + P{1 - m + -{-g'y 



2V{T) {r' + f\l - ^)n/W{l + imir' + P{1 - g)'} + -^{g' 



2V{T) {1 + ifY} \ {l + imir' + P{1 - m + -;{-g'r 



(5.14) 
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where we have used the shorthand notation V{T) to denote V{T, 0). All other components 
of T^iy vanish. The energy momentum conservation 



= d^T, 




(5.15) 



now shows that T^r must be a constant. Since V{T) = V{fe^^) falls off exponentially 
for large |T|, we see from (j5.14|) that Trr vanishes at oo, unless g{r) blows up sufficiently 
fast. Shortly, we shall see that g varies monotonically between and 1, and hence is 
bounded. This leads to the conclusion that does vanish at infinity, and hence must 
be zero everywhere due to the conservation law ()5.15p . 

To see that g{r) varies monotonically between and 1, we proceed as follows. As 
a consequence of the equations of motion of the gauge fields, the (p — 2)-dimensional 
energy density / rdrdOToo, with Too given in ()5.14|) . must be minimized with respect to 
the function g{r) subject to the boundary condition ()5.9p . Now if g{r) exceeds 1 for some 
range of r, then we can lower Too iii that range by replacing the original g{r) by another 
continuous function which is equal to the original function when the latter is less than 
1, and which is equal to 1 when the latter exceeds 1. Thus the original g{r) does not 
minimize energy and hence is not a solution of the equations of motion. This shows that 
a solution of the equations of motion must have g{r) < 1 everywhere. An exactly similar 
argument can be used to show that g{r) > everywhere. Furthermore, if g{r) is not a 
monotone increasing function, then it will have a local maximum at some point a. We 
can now define a range (a, b) on the r axis such that g{r) < g{a) ioi a < r < b. {b could 
be infinity.) In this case we can lower the energy of the configuration by replacing the 
original function by another continuous function that agrees with the original function 
outside the range (a, 6) and is equal to g{a) in the range (a, 6). Since this should not be 
possible if the original g{r) is a solution of the equations of motion, we see that a solution 
of the equations of motion must have a monotone increasing g{r). 

Vanishing of T^r requires that for every value of r, either the numerator in the expres- 
sion for Trr vanishes, which requires V{T) to vanish, or the denominator blows up, which 
requires /' and/or g' to be infinite. V{T) is finite at r = where T vanishes, thus it is 
not zero everywhere. Thus at least for r = 0, /' and/or g' must be infinite. In analogy 
with the kink solution, we look for / and g of the form: 



and at the end take a — oo limit, keeping the functions / and g fixed. The boundary 
conditions (|5.9|) now translate to 



/(r) = /(ar) 



g[r) = g{ar) 



(5.16) 



/(O) = 0, 



/(oo) = oo. 



9{0) = 0, 



g'iO) = 0. 



(5.17) 
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We shall also impose the condition 

f'{u)>0 for 0<M<oo. (5.18) 

This guarantees that /'(r) = af'{ar) is infinite everywhere in the a ^ oo hmit. Once 
we have chosen / this way, we do not need to take g in the form given in ()5.16p . But 
this form allows for more general possibilities since without this the term involving g' will 
simply drop out in the scaling limit a ^ oo. On the other hand, by allowing g to scale as 
in ()5.16p we do not preclude the case where g approaches a finite function in the a — oo 
limit, since this will just correspond to choosing g{r) = g{r/a) to be a nearly constant 
function except for very large r. 

Substituting ()5.16|) into ()5.13|) . ()5.14|) we get, for large a, 

1 



and. 



det(A(i)) = -det(A(2)) ~ (/'(ar)) 

(5 



+ f{arf{l - g{ar))^ + ^{g'^ar)/ f'iar))' 



9) 



Tap ^ -2Vap V{f{ar)) a f\ar) ^r^ + /(ar)2(l - g{ar))^ + ^{g' (ar) / f (ar))^ , (5.20) 
^ /„/ XX r'^ + fiarYil — q(ar))'^ 

Trr ~ -2V(f(ar)) ^ J K J K y\ )) _ _ 5 21 

af'{ar)^r^ + /(ar)2(l - g{ar)Y + \{g' {ar) / f {ar)Y 

Thus vanishes everywhere in the a ^ 00 limit as required. On the other hand, 
integrating (j5.2(J|) over the (r, 9) coordinates gives the (p — 2 + 1) dimensional energy 
momentum tensor T^°J*^^ on the vortex: 



^.ortex ^ drV{f{ar))af{ar) ^r^ + /(ar)2(l - g{ar)y + -{g'{ar)/f'{ar)y . 

(5.22) 

Defining: 

y = f[ar), r{y) = a'^ f~\y) , g{y) = g{ar) = g{ar{y)), (5.23) 
where denotes the inverse function of /, we can rewrite (j5.22j) as 



T„7*- = -47rr/„^ dyViy)^riyy + yHl-giy)r + -g'iyr. (5.24) 

From ()5.23|) it follows that in the a —>■ 00 limit, r{y) vanishes for any finite y. Thus ()5.24|) 
further simplifies to: 



T„7*- = -Anr^a^ f dyV{y) Jy^l - giy)^ + ^gW ■ (5-25) 
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We now see that as in the case of the kink solution, ()5.25|) is completely insensitive to the 
choice of the function /, although it does depend on the choice of g{y). g{y) in turn is 
determined by the equations of motion of the gauge fields, or equivalently, by minimizing 

''V01 

00 

^(0) = 0, ^'(0) = 0. (5.26) 



the expression for the energy Tqq'"*^^, subject to the boundary conditions: 



This leads to the following differential equation for g{y) : 
1 



V{y)g'{y)/\ly^{l-g{y)Y + \9'{yY 



+V{y) y\l - g{y))^y^{l - g{y)Y + -^g'{yY = . (5.27) 

Thus g{y) and the final expression for 7'^°'"*^^ are determined completely in terms of the 
potential V{T), independently of the choice of the function f }^ Furthermore, as in the 
case of the kink solution, most of the contribution to T^°^^'^^ comes from a finite range 
of values of y, which corresponds to a region in r space of width 1/a around the origin. 
Thus in the a — limit, T^p has the form of a 5-f unction centered around the origin of 
the {x'P~^,x'P) plane: 

T^p = -^Tir^ap S{x^-') 6{xn dyV{y) ^y^l " + • (5-28) 

This agrees with the identification of the vortex solution as a D-{p — 2)-brane, as for the 
latter the energy-momentum tensor is localised on a (p — 2) -dimensional surface. (This 
can be seen by examining the boundary state describing a D-{p — 2)-brane.) The tension 
of the D-(p — 2)-brane is identified as: 



V2 = 47r J^°" dyViy)^y^l-g{y)Y + ^g'iyr. (5.29) 

Before concluding this section, we shall determine the asymptotic behaviour of g{y) 
satisfying eqs. ()5.26|) and ()5.27|) . Our previous arguments for the function g{r), when 

^^The choice f{ar) = or gives T = a{xP^^ + ix^) in the cartesian coordinate system. This resembles 
the vortex solution in boundary string field theory ^OlEj- However, unlike in jlHl^Ji ^^^^ we have 
background gauge fields present. This is not necessarily a contradiction, since the fields used here could be 
related to those in |4()l I41| by a non-trivial field redefinition. In fact, we would like to note that generically, 
when both the real and the imaginary parts of the tachyon are non-zero and are not proportional to each 
other, we have a source for the gauge field A'^}^ ~ A'"f^^ , and hence it is not possible to find a solution of 
the equations of motion keeping the gauge fields to zero. Boundary string field theory seems to use a 
very special definition of fields where this is possible in the a ~* oo limit. 
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translated to g{y), shows that g{y) must be a monotone increasing function of y, and 
must he between and 1. The boundary condition forces g{y) to vanish at y = 0. We 
shaU now show that given a mild constraint on the potential V{T), g{y) must approach 1 
as y —>■ oo. We shall begin by assuming that g{y) approaches some constant value (1 — C) 
as y ^ oo, and then show that C must vanish. If C 7^ 0, then the dominant term inside 
the square root for large y is the first term which takes the value y'^C'^, since g'{y) vanishes 
for large y. Thus for large y, ()5.27p takes the form: 

\dy [V{y) g'iy)/yC] + yViy) = . (5.30) 

Since dy{g'{y) /yC) approaches as y —>■ 00, clearly the only part of the first term in 
()5.30|) that can possibly cancel the second term is V'{y)g'{y)/{4:yC). If this has to cancel 
the second term, we require 

V'{y)/V{y) - -Ay'C/-g'{y) , for large y. (5.31) 

Since g{y) approaches a constant as ?/ 00, g'{y) must fall off faster than 1/y for large 
y. Thus the magnitude of the right hand side of ()5.31|) increases faster than y^ for large 
y. This, in turn, shows that —V'{y)/V{y) must also increase faster than y^ for large 
y. Neither a potential of the form e'^^ obtained from the analysis of time dependent 
solutionsjS], nor a potential of the form e~^^^ given by boundary string field theorv [^ l^ 
satisfies this condition. Thus our original assumption must be wrong and C must vanish 
for either of these choices of V{T). 

This leads us to the conclusion that if —V'{y)/V{y) does not increase faster than y^ 
for large y, we must have 

\img{y) = l. (5.32) 
This, in turn, has the following consequence. From (j5.1(J|) . (j5.23p . (j5.32j) we have 

J drd9{Fil^ - Fil^) = 27r(^(oo) - ^(0)) = 27r(^(oo) - ^(0)) = 2ti . (5.33) 

This answer is universal, independent of the choice of the potential V{T), provided V{T) 
satisfies the mild asymptotic condition given above (j5.32j) . This is also the same answer 
that we would have gotten if we had a usual abelien Higgs model with an action given 
by the sum of a kinetic and a potential term. Finally, for this gauge field background, 
if we compute the Ramond-Ramond (RR) charge of the vortex using the usual coupling 
between the world-volume gauge fields and the RR fields at zero tachyon background, 
we get the correct expression for the RR charge of the vortex. Thus the net additional 
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contribution to the RR charge from the tachyon dependent couphng of the RR fields 
must vanish. This is in contrast with the boundary string field theory result [lUl 1^ where 
the complete contribution to the RR charge comes from the tachyon fields. This again 
reflects that the fields used here are related to those in boundary string field theory by 
non-trivial field redefinition. 

6 World-volume Action on the Vortex 

We shall now study the world-volume action on the vortex. We begin by introducing 
some notation. We shall denote by for {p — 1) < i < p the coordinates transverse 
to the world-volume of the vortex but tangential to the original brane and by for 
< a < (p — 2) the coordinates tangential to the vortex. We shall express the classical 
vortex solution of ()5.8|) in cartesian coordinates as 

4'^ = -Af^ = h,{x), T{x) = m , (6.1) 

where 

hp-i{x) = -—g{r), hp{x) = ^-^g{r), f{x) = f{r), r = \x\ , x = {xP-^,xP). 

(6.2) 

We now make the following ansatz for the fluctuating fields on the world-volume of the 
vortex: 

A^\x, = HS- t{0) , Af\x, ^) = -h,{x- t{0) , 

Y(i)(f , = r(^2)(^, = y\0, nx, = fix - tiO) ■ (6.3) 

Thus the world volume fields on the vortex are y\^), t^iO and aa(0- 

We shall now substitute this ansatz into the action ()5.ip and evaluate the action. 
Using the ansatz ()6.3|) and the definitions ()5.3|) we get 

dj - 2ihJ = Dj, D^T = -Djd^f , 
{djij - djhi) , F^f = -{djij - djhi) , 

= -{dih^ - d,h)dpt^ , Fif = -Fi^f = -{dji, - dfK)dJ , 
fai3 + [dihj - djhi)dj'dpt^ , F^J^ = f^p - {dJij - djhi)dafdpt^ , 

(6.4) 



AT 



(1) 



F 



(1) 
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where 

fat3 = d^afs - dfsaa ■ (6.5) 

In each expression the arguments of hi and / are (x — t(^)) which we have suppressed. 
From ()5.2|1 we now get 

+ ]^({DJrDj +{DjrDj)d^fdpt^ 
A(2)./3 = - dfh,)dpt^ - + {DjyDj)dpt^ 

A(2)a/3 = ?7a/3 + /a/3 + daV^ dpy^ - {djlj - djhi)daf O/st^ 

+l([DjyDj+ {DjyDj)dafdfsf . 

(6.6) 

We now simphfy the computation of the determinants by subtracting appropriate mul- 
tiples of the first two rows/columns from the rest of the rows / columns. This does not 
change the determinant of the matrix. More precisely, we define: 

A(s)^/3 = A(^)^^ + A(^s)^ij^(^t\ A(^s),ij = ^(s)t^j , for < /x, z/ < p . (6.7) 
Under this transformation we have: 

det(A(,)) = det(A(,)) = det(A(,)) , s = 1, 2 . (6.8) 
On the other hand, we have, from (|6.6p . (|6.7p 

A(i)., = S,, + {d,hj - d,h) + i((A/)*/^,/ + (DjyDj) 

A(l)i/3 = dj3t\ A(i)Q,j = dat^ , 
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A(2)., = 5^J - {dji, - dfhi) + ]^[{DjyDj+ {DJYDJ 

A(2)i/3 = diit\ A(2)aj = dj,^ , 

A(2)a/3 = ?7a/3 + /a/3 + daV' dfsy^ + dafdpf , 



(6.9) 



Examining the form of the ij component of the matrices A(i) and A(2) we see that they 
are precisely of the same form as one would get for the classical vortex solution without 
fluctuation, except for the replacement of x by (x — t(^)) in the argument of hi and /. 
Since this determinant given in (j5.19p has an explicit factor of which becomes large in 
the a oo limit, and since A(^s)ii3, A{s)aj and A(^s)ai3 are all of order one, in this limit we 
can ignore the contribution from the off-diagonal elements A(^s)i(3 and Ai^s)aj in evaluating 
det(A(s)). Thus the resulting action is given by: 

-2 J (F^^i J drdeV{f{ar))af'{ar) ^r^ + /(ar)2(l - g{ar)y + ^{g' {ar) / f {ar)y 
X V- det a , (6.10) 

where 

SiaP = Vafi + fafi + daV^dpV^ + dafOpf . (6.11) 

In ()6.10|1 we have redefined r to be \x — t{^)\, and 6 to be tan~^ ( j^'' xp-%{^j^^ \ '^^^ 
now explicitly perform the r and 6 integrals as in section El and use ()5.29|1 to rewrite the 
action ()6.10j) as 

- 7;_2 / d^-^^ V- det a . (6.12) 



This is precisely the world- volume action on a BPS T)-{p — 2)-brane with f and inter- 
preted as the coordinates transverse to the brane for (p — 1) < i < p and {p+ 1) < / < 9 
and Oq interpreted as the gauge field on the D-brane world- volume. 

As in section |2l in order to establish completely that the dynamics of the world- 
volume theory on the vortex is governed by the action (|6.12|) we need to show that given 
any solution of the equations of motion derived from this action, (|6.3|) provides us with 
a solution of the full {p + l)-dimensional equations of motion. We have not checked this, 
but believe that this can be done following techniques similar to that discussed in section 

m 
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7 Discussion 



In this paper we have analyzed kink and vortex solutions in tachyon effective field theory 
by postulating suitable form of the tachyon eff'ective action on the non-BPS D-brane 
and brane-antibrane system respectively. In both cases the topological soliton has all 
the right properties for describing a BPS D-brane. These properties include localization 
of the energy-momentum tensor on subspaces of codimensions 1 and 2 respectively, as 
is expected of a D-brane and also the DBI form of the effective action describing the 
world-volume theory on the soliton. For the kink solution we have also done the analysis 
including the world-volume fermions, and shown the appearance of ^-symmetry in the 
world-volume theory on the kink. 

One feature of both the solutions is infinite spatial gradient of the tachyon field away 
from the core of the soliton. If we want to construct a solution describing tachyon 
matter jlTl EHJ EHl UHl HH 1121 HH] in the presence of such a soliton, then the spatial 
gradient of the tachyon field represents local velocity of the tachyon matter E]. More 
precisely, the local l)-velocity of the dust is given by = —d^T. Thus large positive 
gradient of the tachyon implies large local velocity towards the core of the soliton. This 
shows that tachyon matter in the presence of such a solution will fall towards the core 
of the soliton. If this feature survives in the full string theory, then it will imply that 
any tachyon matter in contact with the soliton will be sucked in immediately. This is 
consistent with the analysis of [HS ESI where similar effect was found by analyzing the 
boundary state associated with the time dependent solutions. This might provide a 
very effective means of absorbing tachyon matter from the surrounding by a defect brane, 
and drastically modify the results of refs. [HZl EHl for the formation of topological defects 
during the rolling of the tachyon. The appearance of infinite slope during the dynamical 
process of defect formation has already been observed in [El- We should note however 
that a different type of solution where a codimension 1 soliton and tachyon matter coexist 
has been constructed in jJEl- 

Another surprising feature of both the kink and the vortex solutions is that the world- 
volume theory on the soliton has exactly the DBI form without any higher derivative 
corrections. This means that all such corrections must come from higher derivative cor- 
rections to the original actions and (jS.lj) . This may seem accidental, but may be 
significant for the following reasons. This result suggests that there is a close relation 
between the systematic derivative (of field strength) expansion of the world-volume ac- 

^^We should keep in mind, however, that this resuh is exact only for bosonic string theory. For 
superstring theory the corresponding boundary conformal field theory is not solvable, and hence no exact 
result can be obtained. 
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tion of the non-BPS D-p-brane (D-p-brane - D-p-brane pair) and that of the BPS sohton 
solution representing D-(j) — 1) brane (D-{p — 2)-brane). It will be interesting to explore 
this line of thought to see if one can establish a precise connection between the two. Since 
the derivative expansion on the world-volume of BPS D-branes is well understood, find- 
ing a connection of the type mentioned above will provide a better understanding of the 
derivative expansion of the world-volume action of a non-BPS D-brane / brane- ant ibrane 
system. 

One question that we have not addressed in this paper is the analysis of the world- 
volume theories on (multiple) kink-antikink pairs and multivortex solutions. The con- 
struction of these solutions should be quite straightforward following e.g. the analysis of 
|77| ini 1121 • ■'■^ ^ finite region around the location of each soliton the solution will have 
the form discussed in sections |21 and |S[ and we need to ensure that before taking the 
a — > oo limit, the various fields match smoothly, keeping \T\ or order a or larger in the 
intervening space. Analysis of the world-volume theory around such a background will 
clearly yield the sum of the world-volume actions on the individual solitons, since essen- 
tially the field configurations around individual solitons do not talk to each other in the 
a — s> oo limit. The interesting question is whether we can see the excitations associated 
with the fundamental string stretched between the solitons. We believe these excitations 
must come from classical solutions ('solitons') describing fundamental string along the 
line of refs. jSSl EOl IMl HH] • We can, for example, take the solutions in the DBI theory 
given in jUUl EH E21 ISS] and lift them to solutions of the equations of motion derived 
from (jl.ip or (|5.1|) using (jSHj), (!3.8|) or (|6.3p . The (spontaneously broken) gauge symme- 
try that mixes the states of the open string living on individual D-branes with states of 
the open string stretched between different D-branes, exchanges perturbative states with 
'solitonic' states, and hence is analogous to the electric magnetic duality symmetry in 
gauge theories inn E3 ESI EH EH EHl EOl • 

The general lesson that one could learn from the results of this paper is that for 
many purposes, it is useful to complement the supergravity action, describing low energy 
effective action of closed string theory, by coupling it to the tachyon effective action of 
the type described in this paper. In such a theory, BPS D-branes arise naturally as 
topological solitons rather than having to be added by hand, and we get the correct low 
energy effective action on these D-branes. Furthermore, we have seen earlier that this 
effective action is capable of describing certain time dependent solutions of open string 
theoryjlTJEHlE], and solutions describing the fundamental stringj^SlEniES]- Coupling the 
tachyon field to supergravity does not give rise to any new perturbative physical states, 
and hence does not violate any known result in string theory. Finally, as was argued in 
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[H], coupling of the tachyon effective action to gravity may resolve some of the conceptual 
problems involving 'time' in quantum gravity. 
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